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BEYOND LOCAL MAXIMAL OPERATORS 


HANNES LUIRO AND ANTTI V. VAHAKANGAS 


Abstract. We obtain (essentially sharp) boundedness results for certain generalized local 
maximal operators between fractional weighted Sobolev spaces and their modifications. 
Concrete boundedness results between well known fractional Sobolev spaces are derived 
as consequences of our main result. We also apply our boundedness results by studying 
both generalized neighbourhood capacities and the Lebesgue differentiation of fractional 
weighted Sobolev functions. 


1. Introduction 

In this paper we study the boundedness of a centered maximal-type operator Mr between 
fractional A p weighted Sobolev spaces and their ^-modifications; the well known fractional 
Sobolev spaces W S ' P (G) for open sets G C R" are special cases of the aforementioned spaces, 
see §|3j The operator Mr depends on a given measurable function R : G —> R which satisfies 
the condition 0 < R(x) < dist(x, dG) whenever x G G. Here, and throughout the paper, we 
agree that dist(x, dG) = oo if x G G = R n . For any / e L\ oc (G) and every x G G we define 

M R (f)(x) = sup -f \f(y) \ dy , (1.1) 

r J B(x,r) 

where the supremum is taken over all radii 0 < r < R(x) and we have used the notational 
convention 

j \f(y)\dy= \f(x)\. (1.2) 

J B(x, 0) 

Even though special cases of this maximal-type operator have been studied earlier, cf. below, 
we are not aware of previous studies in this generality and in connection with Sobolev spaces. 
There is a parallel problem of fixing the appropriate Sobolev spaces where the boundedness 
is to be studied; to illustrate, let us remark that Mr need not preserve the smoothness of 
order 0 < s < 1, unless R is (say) a Lipschitz function. 

Our main result shows that fractional A p weighted Sobolev spaces and their R-modified 
counterparts, §|3l are well-suited for studying the boundedness properties of Mr ; this result 
can be found in (J4J The main result will be applied to the study of certain neighbourhood 
capacities (see §[7]) and the Lebesgue differentiation of fractional weighted Sobolev functions 
(see §6]). We expect that there are other applications in fractional weighted potential theory; 
indeed, an operator Mr that is given by an application specific R-function provides a flexible 
tool that can be used to estimate ‘size’ in terms of ‘smoothness’. This is especially true when 
combined with fractional Sobolev or Hardy inequalities nmm- 

More specifically, our main result is Theorem 14.11 This theorem is a ‘fractional Sobolev 
analogue’ of the celebrated Muckenhoupt’s theorem which, in turn, is a boundedness result 
for the Hardy-Littlewood maximal operator on the A p weighted L p -spaces (for a detailed 
formulation, we refer to Proposition 12.11) . In order to avoid technicalities at this stage, let 
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us formulate Theorem 11.11 that is a consequence of our main result (when applied with a 
Muckenhoupt A p weight that is defined by a i(x) = |x| £_n for the given 0 < e < np). 


Theorem 1.1. Let 0 ^ G C M n be an open set, 0 < e, s < 1 and 1 < p < oo. Fix a 
measurable function R : G —> M satisfying inequality 0 < R(x) < dist(x,<9G) for every 
x G G. Then there exists a constant C = C(n,p, e) > 0 such that inequality 



\M R (f)(x) - M R (f)(y)\ p dydx 


G JG 


{\x-y\ + | R(x) - R(y)\y+*r \x - y\' 
holds for every f G L P (G). 


< C 



I f(x) ~ f(y) | ? 


G JG 


X 


y I 


n+sp 


dydx (1.3) 


We remark that if R is a Lipschitz function, e.g., if R — dist(-,<9G) in case of a proper 
open subset G of K n , then the left-hand side of inequality (jl.3j) is comparable to 

r fmn^Ffwm dydx . 

JgJg \x-y\ n + s P 

In particular, Theorem 11.11 generalizes a recently obtained boundedness result for the local 
Hardy-Littlewood maximal operator Md is t(.,a G ) on fractional Sobolev spaces W S,P (G), see 
O Theorem 1.1], Another interesting case is when R is an o-Holder function (0 < a < 1) 
on a bounded open set G such that 0 < R(x) < dist(x, dG) for each x G G. Corollary 15.61 
then implies that 

M r : W S ’ P (G) -A W a ’ p (G) , 0 < a < as, 

is a bounded operator whenever 0 < s < 1 and 1 < p < oo; with the aid of a fractional Hardy 
inequality we show in Lemma I3TT1 that this result is essentially sharp, in that we cannot allow 
a > as in general (however, we do not know if a = as is allowed). In particular, our main 
result (Theorem 14.lj) is also essentially sharp in its generality. 

We close this introduction with a brief overview on related results for the maximal and 
local maximal operators. The maximal operators Mg that are defined by (differentiation) 
bases B have been extensively studied, e.g., in connection with differentiability properties 
of functions, we refer to mini eh Ea E3]. 

Concerning the boundedness of maximal operators on the Sobolev-type spaces, previous 
research has mainly focused on the Hardy-Littlewood maximal operator M and the local 
maximal operator M dist (. !( g G ) for a given open set G C M n ; see [T2, 23 EZ, 35]• In particular, 
the boundedness of the local maximal operator on the first order Sobolev spaces W l ' p (G) 
is proved by Kinnunen and Lindqvist [25] • Their main result states that if 1 < p < oo and 
/ G W^ P (G), then M dist( , 9G) (/) G W^{G) and 

|V(M dist( , aG) (/))(x)| < 2M dist( , aG) (|V/|)(x) (1.4) 

for almost every igG; observe that inequality (11.4(1 and boundedness of the local maximal 
operator on L P (G ) yields boundedness of the local maximal operator on W l ' p {G). We will 
prove a fractional weighted counterpart of inequality (11.4(1 in Proposition 14.41 Korry [28] 
studied boundedness of the Hardy-Littlewood maximal operator on the Triebel-Lizorkin 
spaces of the (fractional) order smoothness 0 < s < 1. The first author established in [3B] 
the boundedness and continuity properties of M dist (. g G ) on the (non-intrinsically defined) 
Triebel-Lizorkin spaces Ff q (G) for 0 < s < 1 and 1 < p, q < oo. Boundedness results for the 
discrete analogues of maximal operators in metric spaces can be found, e.g., in 01151 EH- 
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2. Notation and preliminaries 

The open ball centered at i 6 1" and with radius r > 0 is B(x, r). The Euclidean distance 
from x G K n to a set E in M n is denoted by dist(x, E). Here we agree that dist(x, 0) = oo. 
The Euclidean diameter of E is diam(A). The characteristic function of a set E is written 
as xe- The Lebesgue n-measure of a measurable set E is denoted by |A|. If 0 < \E\ < oo, 
the integral average of a function / G L 1 (E) is = f E fdx = \E\ _1 J E f dx. If G is an 
open set in R n , then Cq(G) denotes the space of continuous functions / in G whose support 


supp(/) = {x G G : f(x) ± 0} 

is a compact set contained in G\ the closure above is taken in R n . If there exists a constant 
C > 0 such that a < Cb, we write a < b, and if a < b < a we write a ~ b and say that a 
and b are comparable. We let C(*, ■ ■ ■ , *) denote a positive constant which depends on the 
quantities appearing in the parentheses only. 

Function oo G L 1 1 oc (R n ) is a weight if oo(x) > 0 for almost every x G R n . Let 1 < p < oo. 
A weight oo is an A p weight if there exists A > 0 such that, for every cube Q C M n , 


oo dx 


Q 


p -1 

CcT 1/(p " 1} dx) < A . 


Q 


The inhmum over all such constants A is called the A p constant of oo, written as [oo\a p - The 
Hardy-Littlewood maximal function Mf for a function / G is defined by 


Mf(x) — sup -f \f(y)\dy, 
r >0 J B(x,r) 


x G 


Muckenhoupt’s theorem is the following well known result, see [SJ §IV.2 Theorem 2.8] for a 
proof and further details. 

Proposition 2.1. Let 1 < p < oo and let oo be an A p weight. Then there exists a constant 
C > 0 such that 

[ (Mf(x)) p co(x) dx < C I \f(x)\ p co(x) dx 


whenever f is a measurable function for which the integral on the right-hand side is finite. 
Moreover, the constant C depends only on n, p and the A p constant of oo. 

When A C M n is bounded and r > 0, we let N(A, r) denote the minimal number of (open) 
balls of radius r and centered at A that are needed to cover the set A. For any set E C M n , 
the (upper) Assouad dimension of E is defined by setting 


dim A (E) 


= inf | A > 0 : N(E D B(x, R),r ) < C\ f° r a U x e E, 0 < r < R < diam(E')l . 


This is the ‘usual’ Assouad dimension found in the literature, e.g. in [38], often denoted 
dim a (A). If E C M n is a (sufficiently) regular set, for instance, Ahlfors d-regular, then the 
upper Assouad dimension of E coincides with its Hausdorff dimension; we refer to [201 . 

A set E C R n is K-porous (0 < k < 1) if for each x G E and every 0 < r < diam(A) there 
exists a point y G R n such that B{y, nr) C B{x,r ) \ E. We remark that a set E C M n is 
K-porous for some 0 < k < 1 if and only if dim A (A) < n, see [38], Theorem 5.2], 
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3. Fractional weighted Sobolev spaces 


We present the fractional weighted Sobolev seminorms and the associated function spaces 
that are used throughout this paper. Moreover, we consider the density of smooth functions 
in these spaces by adapting the argument given in mi- Incidentally, density properties for 
other fractional weighted Sobolev spaces have recently been studied in Hi- Since our 
weights are always translation invariant, the density arguments are quite straightforward 
and (eventually) based upon the continuity of translations in the classical Lebesgue spaces. 
Whereas a similar approach is used in the work jH], a more refined approximation scheme 
is developed in [3j to handle weights that are not translation invariant. 

The fractional weighted Sobolev seminorm \f\w s ’P^(G) given in Definition 13.11 has been 
previously studied, e.g., in connection with fractional weighted Hardy-type inequalities, 
extension problems and variational problems, we refer to [SUSIE]. 

Definition 3.1. Let s > 0 and 1 < p < oo, and let u be a weight in M n (see §HJ). Fix 
an open set G C R n . Then W S,P,U3 (G) is the fractional weighted Sobolev space of functions 
f G L P (G) satisfying \\f\\ p W s^ {G) = \\f\\ P LP{G ) + \f\ P W s, P ^ {G) < oo, where 

l/l--- = [JJ J-L^Ml u{x - y)dydx y r (3.5) 

is the fractional weighted Sobolev seminorm. 


We remark that the global norm is translation invariant, i.e., for each / G VF s,PA, (R n ) and 
every h G R n we have 

||/(- + h)\\ W s,p,u:(J^n^ = \\f\\w s ’P’“(R n ) ■ 

Hence, our framework is most likely not the nearest fractional analogue of the first order A p 
weighted Sobolev space that is not generally translation invariant, see |22, 05j. 

There is an /?-modification of the seminorm (13.5p that will also be relevant to us. Namely, 
given a measurable function R : G —> R, we will often encounter the following (often 
translation invariantless) seminorm 



I f{x) - f(y) | ? 


G JG 


(|*£ y\ + |i2(x) - R{y)\) sp 


\ Vp 

lu(x — y) dydx I 




(3.6) 


Theorem 14.II and the supporting counterexample given in ^indicate that if ip G W S ' P ' U (G ), 
then the right way to measure the smoothness of / = M R (tp) is to use (13. bp . This quantity 
can be viewed as a weighted seminorm that measures ‘variable fractional smoothness’ of 
/ G L P {G). Indeed, assuming that R is a Lipschitz function on G, the last seminorm (13.61) 
is comparable to \f\w s ^^(G)- On the other hand, if R oscillates more significantly then 


x-y\ + |R(i) - R(y)\ 


(3.7) 


can be much larger than \x — y\. We remark that (13.7p is comparable to Euclidean distance 
between (x, R(x)) and (y, (R(y)) that belong to the graph {(w,R(w)) : w E Gj C M n+1 . 

We will apply the fractional A p weighted Sobolev spaces and their /^-modifications. Both 
of these spaces arise naturally in the proof of our main result and, moreover, the well known 
fractional Sobolev spaces are their special cases: 


Example 3.2. Consider the well known and widely used fractional Sobolev space W S ’ P (G), 
whose survey can be found in [4T| . For any given e > 0 this space can be represented as 
W s+£ / p,p,w (G) when the weight is given by w = |-| e_n . In particular, the fractional Sobolev 
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seminorm corresponding to (I3.5j) is independent of £ and it is given by 


I/I 


W S ’P(G) 


= 1/1 


Ws+e/p,p,w(Q) 



'G 


p dvd x y\ 


G \x — y\ n+s P 


We remark that |-| e n is an A p weight if, and only if, inequality 0 < e < np holds; we refer 
to HU p. 229, p. 236], 

We turn to density of continuous functions in VF s,p,a, (M n ); this will be needed in §|H]when 
studying Lebesgue differentiation and quasicontinuous representatives of fractional weighted 
Sobolev functions. Our density argument seems to require that u j has a sufficient decay at 
infinity that is quantified by inequality (13.8p below. This decay inequality turns out to be 
quite natural: it is equivalent to the requirement that C , ^°(M n ) is a subset of PW’ p ’“(M ra ). 
We also remark that when sp < n inequality (13. 8 p for a given p > 0 fails even for the A p 
weight that is defined by c o(x) = 1 for every i6l" 


Lemma 3.3. Let 0 < s < 1 and 1 < p < oo, and let oo be a weight in ML. Then 


a subset PF s,p,a; (M n ) if, and only if, 

f u{x) 

JR n \B{p,p) \ X \ SP 

for every p > 0 (or, equivalently, for some p > 0). 


dx < oo 


) is 
(3.8) 


0 °°(M n ) 


Proof. Let us first assume that C^°(M n ) is a subset of tF s ’ p,a; (M n ). Fix p > 0 and / G C { 
such that supp(/) C 5(0, p/2) and /(0) = 2. Fix 0 < 6 < p/2 such that f(x) > 1 if |x| < <5. 
Then 


Uj(x) 

l x ! SP 


dx = 


< 


f f u(x) 

JB(0,S) Jr"\B(0,p ) 

/ / 

J b (o,5) Jr 


dx dy 


n \B(0,p/2) 


\x-y\ 


sp 


oj(x — y) dx dy 


< 


I f(x) - f{y)\ p , ... I/I P 


Tin ./TR iri 


\x-y\ 


sp 


/ \ 7 7 |l/ >W s ’P’“CR n ) 

u){x - y) dx dy = < oo . 

I 5 (M)I 


\B(0,S)\J Rn 
Hence, inequality (13. 8 p holds. 

Conversely, let us assume that inequality (13. 8 p holds for some p > 0. Fix / G C'^°(M n ') and 
choose R > p such that supp(/) C 5(0, R ). Suppose that x and y are in the ball 5(0, 25), 
x f- y. Then, by the mean-value theorem, 

\ f ( x )~ f ( y )\ p / } |x-p| p M < ||V/|| p 00(Rn) (45) p ( 1 - s ) = M. 


< liv/ll^^ 


\x — y\ s P 

By assumption oo is a weight. In particular, it is locally integrable, see l|2j Hence, 

r r i/w - f(y)\ r 

JB(0,2R) JB(0,2R) 

<M I I uo(x — y) dy dx < M\B(0,2R)\ I eo(z) dz < oo . 


■ co(x — y) dy dx 
\x-y\ s P v y 

oo{x — y) dydx < M|5(0, 25)| 


(3.9) 


J B{Q,2R) J B(0,2R) 

Furthermore, by the fact that 5 > p and inequality 

r r \m-m\ r 

Js. n \B(0,2R) JB(0,2R) 


I B(0,4R) 


■uo{x — y ) dy dx 


< 


l n \B{0,2R) JB(0,R) \ x 


\ x — y\ sp 

\li^u{x-y)dydx<\\f\\ p LnRn) j ^ 

~ y I F JR n \B(0,p) \ z \ 


(3.10) 


dz < oo 



















6 


H. Luiro and A. V. Vahakangas 


A similar computation shows that 

f f \J± 

Jb( 0,2R) J«. n \B(0,2R) 

Inequalities fl3.9jl - fl3.lljl and the fact supp(/) C B(0, R) yield that / G fU s,PA; (R n ). 


x) - f(y) \ p 

\x — y\ sp 


a }(x — y) dy dx < oo . 


(3.11) 

□ 


Next we focus on weights cu satisfying C'^°(M n ) C IU s,p,t ‘ ; (R n ). Under this restriction it 
is now straightforward to show that continuous functions are dense in W s,p,a; (R n ). For this 
purpose, we let g) G Cq°(B(Q, 1)) be a non-negative bump function such that f Rn <p(x) dx = 1. 
For j G N and x G R", we write <Pj(x) = 2^ n p(2^x). Recall that 


/ * <Pj{x) 


f(x-z)<pj{z) dz 


defines a smooth function in R” and lim^ooH/ — / * VU'IU p (K n ) = 0 whenever / G L p (R n ) 
and 1 < p < oo, see e.g. 03 


Lemma 3.4. Let 0 < s < 1 and 1 < p < oo, and let oo be a weight in R n such that C^°(R n ) 
is a subset lU s ’ p ’^(R n ). Then for every f G IU s,PAJ (R n ) we have 

||/-/*<d;lk— (r^) ^>0. (3.12) 

In particular, the set C'°°(R n ) D H /s,PA '(R n ) is dense in PF s ’ p, ‘ J (R ri ). 


Proof. The basic ideas for the proof are from Da. Since the convolutions / * ipj converge to 
/ in L p (R n ) when j —> oo, it suffices to show that | f — f * Tj\w s ^{u. n ) 0 when j —> oo. 
Fix £ > 0. We write 

f f I/Or) - / *<Pj(x) - f(y) + f *Tj{y)\ p 


I / / * ( ^ilvn s 'P’“(R ri ) 




\x - y I 


sp 


■u j(x — y) dy dx . 


Since \f\w s <P’ u (w n ) < oo, we may apply the monotone convergence theorem in R™ x R n in 


order to obtain a number p = p(e, /, u/) > 0 such that 

f f I f{x)-f{y)\ p 


Jw 1 J B(x,p) \x y I 

Now, for any j G N 

f f I f*<Pj(x) -f*<Pj(y)\ p 
JM. n Jb(x,p ) \x~y\ sp 

< 2 -Mr-D f ^y 

J R" J 

= 2 - jn(p - 1) [ tp^zy 

it" j 

Hence, we obtain that 


sp 


uj(x — y) dydx < e . 


(3.13) 


lo(x — y) dy dx 

f f \f{x- z) - f(y - z)\ p 


ib(x, P ) \ x — y\ s 
f \f( x )-f(y)\ p 


uj{x — y) dy dx dz 


l n J B(x,p ) 

I f*<Pj(x) -f*<Pj{y)\ p 


\x - y I 


sp 


co(x — y) dy dx dz . 


1 B(x,p) 


\x - y | 


sp 


co(x — y ) dy dx 


< 


f I f(x) - f(y) \ p 

JtL n J B(x,p) \ x ~ y\ sp 

From (I3.13jl and (13.14jl it follows that 

l/M - /* fj(x) - f(y) + f \ p 


(3.14) 


cu(x — y) dydx < e . 


sup / / 

je n J r ™ J b{x , p ) 


\x - y | 


sp 


lu(x — y) dy dx < £ . (3.15) 
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On the other hand, since C™(M. n ) C hh s,p,tJ (M n ) by assumptions, Lemma [3.31 yields 

/ —j— dx < oo . 

jR n \B(0,p) \ X \ 8P 

Moreover, by assumptions, we have / G L p (M. n ) and therefore 

[ f l/M - / * <ftM - m + / * vAv )\’ „ (x _ ) d dx 


CPn ./ TD>n 


\B(x,p) 


< 

r^j 


u(x) 


dx 


\x — y\ sp 

I /(•'•) - f * <Pj(x) p dx 0; 


(3.16) 


K n \B(o,p) Fr p 

here we again used the fact that converges to / in L p (M n ) when j —y oo. By combining 
the estimates (13.151) and (13.16j) . we find that \ f — f * Tj\w s <p^{M. n ) 0 when j —> oo. □ 


4. A BOUNDEDNESS RESULT FOR Mr 


We formulate and prove our main result, i.e., Theorem 14.11 that provides a boundedness 
result for the maximal operator M R (see (II.ID ) from a fractional A p weighted Sobolev space 
to its ^-modification, both of which are defined in (J3J 

The main result is akin to the Muckenhoupt’s theorem, i.e., Proposition 12. II in that both 
sides of inequality (I4.17|) incorporate an A p weight. Another interesting aspect is how the 
left-hand side of inequality (14.171) depends on the given A-function; from the viewpoint of 
applications, such a dependence is both flexible and straightforward to work with. Moreover, 
as we will see in §3, the A-dependence is essentially the best possible in this generality. 
Recall our notational convention dist(x, dG) = oo if x E G = R n . 


Theorem 4.1. Assume that 0 ^ G cK” is an open set, 0 < s < 2, and 1 < p < oo. Fix 
a measurable function A : G —* R satisfying inequality 0 < R(x) < dist(x,9G) for every 
x G G. Then, if u is an A p weight in M n , there exists a constant C > 0 such that inequality 


f f |Mb(/)M - MrUM i” i 
JoJaUx-vl + lRW-Rm* 1 


y) dy dx 


< C 



I fix) - f(y)\ p 


G JG 


\x - y | 


sp 


u>(x — y) dydx 


(4.17) 


holds for every f G L P (G). The constant C depends only on n, p and the A p constant of u>. 


This result is a far-reaching extension of m Theorem 1.1] whose proof, in turn, applies 
ideas from [36] Theorem 3.2]. Here delicate modifications are required in the proofs due to 
the A p weight and the A-function. In the sequel, we follow outline of the proof in m ; in 
particular, we repeat many details therein without further notice. 

The proof of Theorem 14. II will be completed at the end of this section. The main technical 
tool is a pointwise inequality that is given in Proposition 14.41 Moreover, some implications 
of the Muckenhoupt’s theorem are also needed, see Proposition 14.21 In order to state the 
latter proposition, we first need some preparations. 

Let us fix i,j G {0,1}. For a measurable function F on M 2n we write 

Mij(F)(x,y) = sup -f \F(x + iz,y+jz)\dz (4.18) 

r >0 J B{ 0,r) 

whenever the right-hand side is well-defined, i.e., for almost every (x,y) G M 2n by Fubini’s 
theorem. Observe that M 00 (F) = \F\. The measurability of Mij(F) can be checked by first 
noting that the supremum in (14.181) can be restricted to the rational numbers r > 0 and 
then adapting the proof of m Theorem 8.14] with each r separately. 


























H. Luiro and A. V. Vahakangas 


By applying Fubini’s theorem in appropriate coordinates and L p (R n )-boundedness of the 
Hardy-Littlewood maximal operator / ha Mf we hnd that M t j = (F a Mij(F)) is a 
bounded operator on L p (R 2n ) whenever 1 < p < oo. Furthermore, we need the following A p 
weighted norm inequalities that eventually rely on Muckenhoupt’s theorem. 


Proposition 4.2. Let 1 < p < oo. Then, if oo is an A p weight in MA, there exists a constant 
C = C(n,p , [oo\a p ) > 0 such that 




(■ M k i(F)(x,y)) P uj(x-y)dydx<C / \F(x,y)\ p u(x - y) dy dx (4.19) 


. TO™ 


whenever F is a measurable function in R 2n and k , / G {0,1} are such that kl = 0. 


Proof. We focus on the case (k,l) = (0,1); the case (k,l) = (1,0) is analogous, and the 
claim is trivial when k = 0 = l. Let us consider a measurable function F on R 2n for which 
the double integral on the right-hand side of (14.1911 is finite. By dilation and translation 
invariance of the kip-condition, we hnd that the function y ha u x (y) := oo(x — y), x G R n , 
belongs to A p , and its A p constant coincides with [lo\a v - Hence, by Proposition 12.11 

[ [ ( M 01 (F)(x,y)) p uj(x-y)dydx= f [ (M(F(x,-))(y)) P u x (y) dy dx 

J K n JR n J R" J K n 

< j f \F(x,y)\ p ut x (y) dydx = / [ \F(x,y)\ p u(x - y) dy dx , 

J R™ J M" J R" JW- 

and the proof is complete. □ 


Remark 4.3. The directional maximal operators Mij are dominated by the so-called strong 
maximal operator, whose certain weighted norm inequalities can be found in [SJ §IV.6]. 


The following proposition gives a certain extension of inequality (jl .4ji . But first let us 
introduce further convenient notation that is used in the remaining part of this section. We 
write co 0 (x , y) = co(x — y ) 1//p and u!\(x, y) = u(y — x )H p if x, y G and lo is an A p weight 
in M n . For / G L P {G ) we denote 


Sii(f)(x, y) = S Rj G, s (f)(x, y) 


XG(x)xG(y)\f(x) - f(y)\ 
(\x-y\ + | R(x) - R(y)\) s 


for almost every (x,y) G M 2n ; we also abbreviate S(f) = So(f). 


Proposition 4.4. Assume that 0 ^ G C M n is an open set, 0 < s < 2, and 1 < p < oo. 
Let u} be an A p weight in M” and let R : G —> M be a measurable function such that 

0 < R(x) < dist(x, dG) 

for every x G G. Then there exists a constant C = C(n) > 0 such that, for almost every 
(x,y) G M 2n , inequality 

u(x-yytrS R (M R (f))(x,y) 

<C ^ (Mij(uj m Mki(Sf))(x,y) + Mij(uj m Mki(Sf))(y,x)) (4.20) 

kl =0 

holds whenever f G L P (G ) satisfies the condition {uj 0 Sf, UiSf} C L p (R 2n ). 


Proof. By replacing the function / with |/| we may assume that / > 0. Since / G L P {G ) 
and, hence, M R (f ) G L P (G ) we may restrict ourselves to (x, y) G G x G for which both x and 
y are Lebesgue points of / and both M R (f)(x) and M R (f)(y) are finite. By symmetry, and 
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changing the weight to u if necessary, we may further assume that M R (f)(x ) > M R (f)(y). 
These reductions allow us to find 


such that 

S R (M R (f))(x,y) = 


0 < r(x ) < R(x) and 0 < r(y ) < R(y ) 

|dL/j(/)(x) ~ d//j(/)(?/)| _ I f B(x,r(x)) f f B(y,r(y)) f 


(| x _ y\ + | R( X ) - R(y)\)s (| x -y | + | R( X ) - R(y)\y 

Moreover, since M R (f)(x) > M R (f)(y), we find that inequality 


S R (M R (f))(x,y)< 


I f B(x,r(x)) f f 


B(yX2) 


f 


(4.21) 


(\x-y\ + \ R(x)-R(y)\y 

is valid for any number 0 < r 2 < R(y)] this number will be chosen in a convenient manner 
in the two case studies below. 

Case r(x) < \x — y \ + |l?(x) — R(y) |. Let us denote rq = r(x) and choose 

r 2 = 0. (4.22) 

If r 1 =0, then we get from 04.211) and 04.22p — and our notational convention 01.21) — that 

u 0 (x,y)S R (M R (f))(x,y) < u 0 (x,y)S(f)(x,y ). 

Suppose then that rq > 0. Now, by 04.21|) . 
u 0 (x,y)S R (M R (f))(x,y) 
u 0 (x,y) 


< 


(\x-y\ + | R(x) ~ R(y)\Y 

uo(x,y) 


B(x,r±) 


f(z ) dz - 


f(z) dz 


B(y,r2) 


(\ X -y\ + \R( X )-R(y)\y 


B(x,r\) 


(f(z) - f(y )) dz 


< 


uo( X ,y) 


Xg( x + z)xa(y)\f{x + z)~ f(y )I 


dz < Uj 0 {x : y) M 10 (Sf)(x,y ). 


B( 0,n) 


|x -{- z — y\ s 

We have shown that, in the case under consideration, 

uo(x,y)S R (M R (f))(x,y) < u 0 (x,y)S(f)(x,y) + u 0 (x,y) M 10 (Sf)(x,y ). 

It is clear that inequality Q4.20j) follows; recall that Moo is the identity operator when 
restricted to non-negative functions. 

Case r{x) > \x — y\ + | R{x) — R(y) |. Let us denote ri = r(x) > 0 and choose 


0 < r 2 = r(x) — |x — y\ — | R{x) — R(y)\ < R(y) 


We then have 


f{z)dz - 


B(x,ri) 


f(z)dz 


B(y,r2) 


t (/O + z) - f(y + — z)] dz 

B(0,n) V r l ) 


B(0,n) 


f(x + z) - 


B(y+^-z,\x-y\+\R(x)-R(y)\)nG 


f(a)da 


r 2 


B(y+^z,\x-y\+\R(x)-R(y)\)nG 


/(a) da — f(y -|- z) ) dz 


f l 


< Ei + E 2 , 
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where we have written 

E\ = / (/ \f(x + z) - f(a)\da)dz, 

JB(0,n) \J B(y+^-z,\x-y\+\R(x)-R(y)\)nG / 

E 2 = i ( / |/(l/ + — 2) - /(a)I rfa) dz. 

d B(0,ri) \ J B(y+^z,\x- y \+\R{x)-R(y)\)nG r l / 

We estimate both of these terms separately, but hrst we need certain auxiliary estimates. 
Recall that r 2 = r± — \x — y\ — \R(x) — R(y )|. Hence, for every z G 5(0,ri), 

ly + — z — (x + z)\ = ly — x + ——— z\ < 2\x — y\ + I R(x) — R(y) I. 
r\ r\ 

This, in turn, implies that 

B(y + —z, \x-y\ + \R(x) - R{y )|) C B(x + z, 3|x - y\ + 2|5(x) - 5(j/)|) (4.23) 

r 1 

if z G 5(0, ri). Since iq > |x — i/| + |5(x) — 5(?/)| and { 1 / + ^z, x + z} C 5(x,/q) C G if 
|z| < rq, we obtain the two equivalences 

\B{y + ^ 2 , |a; - y\ + |5(x) - R(y )|) n G| ~ (\x -y\ + \R(x) - R(y )|) n 

~ | B(x + z, 3|x — y\ + 2|5(x) — 5(y)|) D G| 

(4.24) 


for every z G 5(0, ?q). Here the implied constants depend only on n. 

An estimate for Ei. The inclusion (I4.23|) and equivalences (I4.24|) show that, in the 
definition of E\, we can replace the set over which the inner integral its taken by the set 

B{x + z, 3\x — y\ + 2|5(x) — R(y )|) D G 

and, at the same time, control the error term while integrating on average. That is, 


5i < 


J 

B(0,ri) \ J B(x+z,3\x—y\+2\R(x)—R(y)\)nG 


| f(x + z) — f(a) | da I dz . 


By observing that x + z and a in the last double integral belong to G, and using f!4.24j) 
again, we can continue as follows: 


Enu 0 (x,y) 


(\x-y\ + \R(x)-R(y)\) 

< j- \uj 0 (x : y) j- 
JB(o, ri ) \ Je 


B(x+z,3\x—y\+2\R(x)—R(y)\) 


< 


B{o,n) 


^0 (x,y) i 


J B(y+z,4\x-y\+2\R(x)-R(y)\) 


Xg(x + z)xG(a)\f(x + z)~ f{a)\ 
\x + z — a\ s 

S(f)(x + z, a) da I dz . 


da I dz 


Since coq(x, y) = uq(x + z,y + z), we may apply the maximal operators defined in §2] in order 
to find that 


Exuofay) 


(\ X -y\ + \R( X ) - R(,y)\y 


< 

rN_; 


S(0,ri) 


wo(x + z, y + z)M 01 (S/)(x + z,y + z)dz < M n (u>oM 01 (Sf))(x,y). 


(4.25) 
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An estimate for E 2 . We use the inclusion y + ^ z G G for all z G B(0,ri) and then 


apply the first equivalence in (14.24(1 to obtain 
E 2 = 


B(0,ri) V J B{y+^z,\x-y\+\R(x)-R{y)\)C\G 


xc(y + ^-z)xG(a)\f(y + ^z) - f(a)\da ) dz 


< 


j (/ 

J B(0,r\) \ J B\ 


XG(y+—z)XG(a)\f(y+—z) - f (a) | da ) dz . 
'B( 0,n) \J B(y+ r -Zz,\x-y\+\R{x)-R(y)\) r l r l 


Hence, a change of variables yields 
_ E 2 uj 0 (x : y) _ 

(I®-2/1 + \R(%) - R(y)\Y 

uo(x,y) 


< 

rsj 


B( 0,r 2 ) 


Xc(y + z)xa(a)\f(y + z)- /(a)I 


< 

r^j 


uo{x,y) 


B(0,r 2 ) 


B(y+z,\x-y\+\R(x)-R{y)\) Id + ^ a \ 

S(f)(y + z, a) da ] dz . 


da dz 


B(x+z,2\x-y\+\R(x)-R(y)\) 

Let us observe that cu 0 (x, y) = u>i(y + z,x + z). Hence, by applying operators M 01 and Mu 
from §21 we can proceed as follows 

E 2 u 0 {x,y) 


(\x-y\ + \R(x)-R(y)\y 


< 

rsj 


B(0,r 2 ) 


u^y + z,x + z)M 01 (Sf)(y + z,x + z) dz < Mu{wiM 01 (Sf))(y,x ). 


(4.26) 


By combining the estimates (j4 .25 j) and (14. 261) . we obtain that 

, \o m, t*\\r 1 / (E x +E 2 )u 0 (x,y) 

uJo{x,y)S R (M R {f))(x,y) < - - - 

\\x-y | + - R{y)\) s 

< M n (u 0 M 01 (Sf))(x,y) + Mu{^iM 01 (Sf))(y,x ), 

where the implied constant depends only on n. As a consequence, inequality (14.20(1 follows 
also in the second case r{x) > \x — y\ + \R(x)—R(y)\ that is now under onr consideration. □ 

We are finally ready to prove Theorem 14.11 


Proof of Theorem \4-l\ Let / G L P (G). We may assume that the double integral on the right 
hand side of ((4. 1 7|) is finite, and therefore a ) m Sf G L p (K 2ra ) if m G {0,1}. Observe that 
u>i(x,y) p = co(x — y ), where uj(z) = cu(— z) is also an A p weight such that [c o\a p = [kfU P - 
Hence, inequality (14. 1 7(1 is a consequence of Proposition 14.41 the boundedness of operators 
Mij on L p (M 2ri ), and Proposition 14.21 applied with the two A p weights oj and uj. □ 


5. Powers of distance as weights 

In this section we apply Theorem 14. 1 1 with co = dist (-, E) £ ~ n , where the set E C R n and 
£ > 0 are chosen such that uj is an A p weight in R n ; we refer to Theorem 15.21 The important 
special case E = {0} and ui = |-| e_n yields boundedness results for the operators / t-A M R (f ) 
between fractional Sobolev spaces. These results with Lipschitz and Holder functions R are 
formulated in Corollaries 15.51 and 15.61 respectively. The sharpness of Corollary 15.61 in terms 
of the Holder exponent is considered in Lemma 15.71 Furthermore, this lemma shows that 
Theorem 14.11 i.e., our main result, is essentially sharp in its generality. 

The following proposition can be found in [2Dj (see also [32] and [TH! Lemma 2.2]). The 
straightforward proof relies on a characterization of the Assouad dimension in terms of the 
so-called Aikawa dimension, we refer to [31] . 
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Proposition 5.1. Let E C M n be a (non-empty) closed set and let c o = dist(-,-E) £ n for a 
fixed e > 0. Then the following statements are true. 

(A) If dirriA (E) < e < n, then u ; is an A p weight in M n for all 1 < p < oo. 

(B) If e > n and 1 < p < oo are such that 


dim a (A) < n 

then u> is an A p weight in M n . 


£ — n 

p — 1 


The following result illustrates the flexibility of our main result, and it is an immediate 
consequence of Theorem 14.11 and Proposition 15.11 


Theorem 5.2. Assume that 0 ^ G C M n is an open set, 0 < s < 2, and 1 < p < oo. Let 
£ > 0 and E ^ 0 be a closed set in M n such that 

dirriA (E) < £ < n+ (n — diniA {E))(p — 1) . 


Fix a measurable function R : G —> R satisfying inequality 0 < R(x) < dist(x, d G) for every 
x E G. Then there exists a constant C = C(n,p,£, E) > 0 such that inequality 



\M R (f)(x) - M R (f)(y)\ p 


dy dx 


gJg 0-2/1 + OO - R(y)\) sp distO -y,E) n - 

1/0 


< c 



m\ i 


dy dx 


G JG 


\x — y\ sp dist (x — y,E) T 


holds for every f G L P (G ). 


Next we turn to an important special case, where E = {0} and c a = dist(-, E) £ ~ n = |-| E_n . 
The following convenient result is a reformulation of Theorem 11.11 for the definition of the 
seminorm appearing in the right-hand side of (15.2711 . we refer to Example 13.21 


Proposition 5.3. Let 0 ^ G C M n be an open set, 0 < e, s < 1 and 1 < p < oo. Fix 
a measurable function R : G —>■ M satisfying inequality 0 < R(x) < dist (a;, dG) for every 
x G G. Then there exists a constant C = C(n,p ,£) > 0 such that inequality 



\M R (f)(x) 


G JG 


(0 — 2/1 + \ R ( X 


M R (f)(y) \ p dydx 
) - R(y)\) £+sp \x - y\ n ~ £ ~ IJ 0^(G) 


(5.27) 


holds for every f G L P (G). 


Proof. Since 0 < £ < 1, we find that the function \x\ £ n is an A p weight; see H31 p. 236] or 
Proposition 15.1( A). Moreover, the A p constant of this weight depends only on n, p and £. 
Observe also that £/p+ s < 2. Hence, inequality (I5.27P follows from Theorem 14.11 □ 


Remark 5.4. Observe that Proposition ] 5 . 31 is related to the case E = {0} of Theorem \5.A 
Indeed, we have that diniA({0}) = 0. 


The following boundedness result, which applies for Lipschitz A-functions, is a corollary 
of Proposition 15.31 Let us fix L > 0 and recall that R is an L-Lipschitz function on G if 
| R(x) — R(y) | < L\x — y\ whenever x,y G G. 

Corollary 5.5. Let 0 ^ G C M n be an open set, 0 < e, s < 1 and 1 < p < oo. Fix L > 0 
and an L-Lipschitz function R : G —» M satisfying inequality 0 < R(x) < dist(x,(9G) for 
every x G G. Then there exists a constant C = C(n,p, e) > 0 such that inequality 

\M R (f)\ W s,p( G ) < C{ 1 + L) e/v 1 "\f\w s ’P(G) 

holds for every function f G L P (G). 
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The case of Holder functions R is addressed in Corollary 15.61 below. Let us recall that 
a function R is a-Holder on G (for a given 0 < a < 1) if there exists L > 0 such that 
inequality | R(x) — R(y)\ < L\x — y\ a holds whenever x,y £ G. 

Corollary 5.6. Let I ^ G C K n be a bounded open set, 0 < s, a < 1 and 1 < p < oo. Fix 
an a-Holder function R on G such that 0 < R(x) < dist(ir,<9G) for every x £ G. Then, if 
0 < a < as, there exists a constant C = C(a, s, a, n,p, L , diam(G)) > 0 such that inequality 

|^/?(/)|vr CT ’P(G) < C\f\ W s, P ^ (5.28) 

holds for every f £ L P (G). 

We omit the proof of Corollary 15.61 that is quite a straightforward but tedious reduction 
to Proposition 15.31 it is worthwhile to emphasize that the open set G is assumed to be 
bounded. Hence, the case when a is close to as is a difficult one to establish. 

It is unknown to the authors, whether inequality (15.281) holds also when a = as is the 
endpoint. However, the following Lemma [5.71 shows that Corollary 15.61 is essentially sharp, 
in that we cannot allow a > as in general. 


Lemma 5.7. Fix a = 1/M for any number M £ {2, 3,...}. Let 0 < s < 1 and 1 < p < oo 
be such that asp > 1. Then there exists a bounded open set G in R and an a-Holder function 
R : G —> R which satisfies the inequality 0 < R(x) < dist(x, dG) whenever x £ G and which 
has the following property: for any given a £ (as, 1) there does not exist a constant C > 0 
such that 

\M R (f)\ W rr,p ( G ) < C\f\ W s,p(Q 

for all functions f £ L P (G). 


Proof. Let us fix as < a < 1 and first sketch the proof that relics on a fractional (a, p)-Hardy 
inequality: there exists a constant C(p, a) > 0 such that 


1/0*0 -f(y)\ p 


dy dx > C(p, a) 


1 / 0 * 01 1 


dist(x, dL) ap 


dx 


(5.29) 


Ui \x-y\ 1+ap 

whenever / G L P (I ) is compactly supported in an open interval / Cl, [34l Corollary 2.7]. 
Actually, this corollary is formulated only for Cff(I) functions, and therefore approximation 
by such functions is required. This can easily be done by a straightforward combination of 
Lemma |3.4| and EZ1 Lemma 4.4]; we omit the details. 

We take G = (—8, 9) and construct R and test functions (N > 1) that are supported 
in an interval I N C G such that M r ('0w) has a compactly supported bump in many dyadic 
subintervals Inj C In- Hence, the fractional (a, p)-Hardy inequality applies to the restric¬ 
tion of M r (i/>n) in each of the subintervals. The resulting estimates, when combined with an 
upper bound for \fjN\w s ’P(G), wffi yield that \M r ('iJjn)\w ,7 ’P(G)/\' 1 I j n\w s ’P(G) —> oo as A* —» oo. 
Let us now turn to the details. We set 

2(m-i)n 


E = G\( |J 




U 

3 =1 


l N,j 


where 

I N j = (2 ~ n + (j - 1)2~ MN , 2 ~ n + j2~ MN ) , j = 1,..., 2 {m ~ 1)n . 

Define an cc-Holder function R = 2 2a+1 dist (•, E) a . It is now straightforward to check that 
inequality 0 < R(x) < dist (a;, dG) holds for every x £ G. 

Let -0 ^ Co°((0,1)) be such that / R |0| dx = 4. Fix N £ N and write if! N (x) = 0( 2 N x) if 
i6i Now ijj N is supported in (0, 2 _Ar ) and, by a change of variables, we find that 

\^n\ p W s, p{g) < \^n\ p W s,p { r) = 2^- ; |0|^ SiP(E) . 


(5.30) 















14 


H. Luiro and A. V. Vahakangas 


Next we turn to establishing a lower bound for \M r ('i)>n)\w^>p(g)- Let us fix j — 1,..., 2 < - AI b N 
and x E Inj = 2 _1 / A r i j. Since (0, 2~ N ) C B(x, 2^ iV+1 ) and 2~ N+1 < R(x), we obtain that 

M r {$ n ){x) > / \i> N {y)\dy > 2~ n+ 2 /2~ n+2 = 1, x E I NJ . (5.31) 

J B(x, 2~ n + 1 ) 

Moreover, the restriction M R (fi> N )\i Nj E L p (I N j) has a compact support in I N j. Hence, by 
the fractional (er, p)-Hardy inequality (I5.29P followed by inequality (15.311) . 


2 (M-1)N 

\Mr('iJjn) \w a ’P(G) — ^ y 


I M r (i/j n )(x) - M R {if N )(y)\ p 


j=l ° P N,j J lN,j 
2 {M-1)N 

>C(p,a) [ 

7=1 


\x — y\ 1+a P 
| M r {iI> n )(x)\p 


dy dx 


dx 


J=i _. jViJ - di st(x, dI Ntj )"P 

2 (m-i)n 2 (m-i)n 

> C(p, a) Y (2 -MJV ) 1-op = C(p, a)2 N< ' apM ~ 1 ^. 

3 =1 3 = 1 

By combining the estimate above with (15.30f) . we obtain that 

\MR(M\ w „, r{a) £ c ( p,<T ) |v-i H r.,„ ( „ )2 ' ,A '( < ’ M -* ) = c(p,<r)■ 

\t'N\w s >p(G) 

Since a > as, the lower bound above tends to infinity as N —> oo. □ 


6. Sobolev capacity and Lebesgue differentiation 

We apply our main result by studying the Lebesgue differentiation of a Sobolev function 
/ E H /s,p,a; (R Tl ) outside a set of zero Sobolev capacity, see Definition 16.11 The outline of our 
treatment is based on the work of Kinnunen-Latvala, who obtain Lebesgue point results 
for (first order) Sobolev functions on metric spaces. We adapt their treatment to the present 
setting when u j is an A p weight that is subject to the condition C^°(M n ) C W S ’ P ’ W (M ^^ ). Hence, 
the key ingredients for the proof of our Theorem 16.21 are: the density property of continuous 
functions (Lemma 13.41) and the boundedness of (an appropriate) maximal operator, both in 
W S ’ P,UJ (M n ); the boundedness property follows from our main result, i.e., Theorem 14.11 

Definition 6.1. Suppose that 0 < s < 1 and 1 < p < oo. Let to be a weight in M n . For a 
set E cW 1 we define its Sobolev capacity 

C s ,p,0j(E) = , 

where the infimum is taken over all admissible functions 

A(E) = {ip E ff s ' p '“(M"j : (p >1 in an open set containing E}. 

If A(E) = 0, we set C SjPjUI (E) = oo. 

The unweighted fractional Sobolev capacity (corresponding to W s,p (R Tl ) = W s+£ / p,p,u '(R n ) 
with u = |-| e-ri ) is well known and extensively studied, see, e.g., pudiss]. Let us remark 
that kb s,p (R n ) coincides with the Besov space and their norms are comparable, if 

1 < p < oo and 0 < s < 1; we refer to |HJ PP- 6-7]. 

We prove the following result that is concerned with the Lebesgue differentiation and a 
quasicontinuous representative f* of a function / in W s,p,aJ (R n ). 
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Theorem 6.2. Suppose that 0 < s < 1 and 1 < p < oo. Let oj be an A p weight in M n such 
that C“(M n ) is a subset of W S,P,U (W 1 ). Then, for every f G TT s,p,a; (M n ) 7 there is a Gs-set 
E cK" such that C S}P}UJ (E ) = 0 and the limit 

lim / f(y) dy = f*(x) (6.32) 

r ^°+ Jb(x, r) 

exists for every x G M n \ E. Moreover, for every e > 0, there exists an open set [/ cl” 
such that C S>P>U (U) < £ and is well-defined and continuous on R n \ U. 

An analogue of Theorem 16.21 for the first order A p weighted Sobolev spaces is known, see 
[22, 05], The unweighted case kF s,p (M n ) = kh s+£ / p ’ p ’ aj (M n ) with u = |-| e_Tl of Theorem 16.21 
is also known, we refer to [4U] or j2, §6] when p — 2. The local aspects of quasi continuity 
(in the unweighted case) have been studied in [461 Theorem 3.7]; however, the Lebesgue 
differentiation is not explicitly considered therein. 

If all singletons have a positive Sobolev capacity, then f* : R n — y M is continuous. This 
is a corollary of Theorem 16.21 and the translation invariance of ll-llws.p.wflRn). 

Corollary 6.3. Let 0 < s < 1 and 1 < p < oo. Let c o be an A p weight in W 1 such that 
C^°(M n ) is a subset of W s,p,UJ (R n ) and 

C s ,p,u>({x}) > 0 

for every x G (or, equivalently, for some x G W 1 ). Then every function f G H /s,p,aj (M ?1 ) 
has a continuous representative. That is, the function f* : M n — > R defined by (I6.32[) is 
continuous and satisfies f — f* pointwise almost everywhere in M n . 

The proof of Theorem 16.21 is given in the end of this section; first we state and prove 
several auxiliary results. A key result among these is the following capacitary weak type 
estimate, which is a counterpart of [23) Lemma 4.4]. For every / G L p (M n ), we define 

Mf(x) — sup -f \f(y)\dy, iGl”. 

0<r<l J B{x,r) 

Write R(x) = 1 whenever x G M n . Then Mf(x) = Mn(f)(x) in the Lebesgue points iGl" 
of \f\, that is, almost everywhere. Moreover, we clearly have that Mf < Mf , where M is 
the Hardy-Littlewood maximal operator. 


Lemma 6.4. Let 0 < s < 1 and 1 < p < oo, and let u: be an A p weight in R n . Suppose that 
f G kF s,p, ^(M n ). Then, for every A > 0, we have 

C S)P ^{x G : Mf(x) > A}) < C\- p \\f\\ P Ws , p , u(Rn) , 

where C = C(n,p, [ca]^)- 


Proof. Fix / G kF s,p,a; (IR n ) and A > 0. If 0 < r < 1, then the function 


x t-4- / \f(y)\dy 

J B(x,r) 

is continuous in M” by the dominated convergence theorem. As a consequence, the function 
Mf(x ) is lower semicontinuous in M n . Hence, E\ = {x G M n : Mf(x) > A} is an open 
set in M n and A _1 M/(x) > 1 holds if x G E\. Theorem 14.11 and the boundedness of the 
Hardy-Littlewood maximal operator in L p (M n ) imply that 


C S , P AE X ) < WX-'MfW 


II p 

\W a ’P’ UJ ( 


< C(n,p, [w] Ap )A p \\f\\ 


p 

Ws,jw(Rn) • 


This concludes the proof. 


□ 
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The following lemma is an adaptation of [251 Theorem 3.2], 

Lemma 6.5. Let 0 < s < 1 and 1 < p < oo, and let u j be a weight in W 1 . Then C SjPjU) is an 
outer measure on R n . 


Proof. By definition, C SiPiU {%) = 0 and C StPtU is monotone, that is, C StPtU (E) < C S)PtU (F) 
whenever E C F. To prove subadditivity, we suppose that Ei, 1 = 1,2,..., are subsets of 
K n . We need to establish the inequality 


C 


S,p,UJ 


U B d <E c .. r A E i) 


(6.33) 

• i —1 7 i= 1 

We may clearly assume that C SjP)0J (Ei) < oo. Let us fix £ > 0. For every z = 1,2,... 
it holds that A(Ef) ^ 0 and, therefore, we can choose G A(Ef) such that 

llv 7 i|lw’s,p,«(Rn) — Cs,p,w{Ei) + £2 1 . (6.34) 

By replacing each function p>i with min{l, \pf\} we may assume that 0 < ipi < 1 everywhere 
and (fit = 1 in an open set containing Ei. 

Define p = supj<pj. Then p — 1 in an open set containing Let us fix x,y G M n . 

If p{x) > p(y) then, for every 5 > 0, there is j = j(S,x) G N such that 

\p(x) - <p(y) \ = p(x) - p(y) < (pj(x) + S - <p(y) 

. i tv 

< (Pj(x) +6- <pj(y) <5+ - <pj{y)\ <6+1 ^1 <pi(x) - pi{y) | ? 


i=l 


Taking <5 —y 0 we obtain that 


\p(x) - p(y)\ < ( <pi(x) - Pi{y) I 3 


i— 1 


i/p 


(6.35) 


By repeating the previous argument if p(x) < p(y), with the obvious changes, we find that 
inequality (16.35(1 holds for all x,y G M n . Therefore, 


Clearly, we also have 


Mw s 'P> w (R n ) — • 

2=1 


LP(R n ) — EiNiW 
2—1 


(6.36) 


(6.37) 


By first combining inequalities (16.361) and (16.371) . and then using (16.341) . we obtain that 

OO OO 

< {ps,p,u{Ej) + e2 ') = £ + C StPtU >(Ei). 


OO oo 

\V s ’P’ u (R n ) — — 

2—1 2—1 


2=1 


Hence, C s ^ p ^{+fL\Ei) < e + C S)PtU (Ei). Inequality (I6.33|) follows by taking £ —* 0. □ 

Proof of Theorem \6.A We follow the proof of [24, Theorem 4.5] very closely; the details are 
provided for completeness and convenience of the reader. 

Fix a function / G VF s ’ p,u, (R n ) and t G N. By the assumptions and Lemma [3.41 we may 
choose fi G C' 0O (M n ) D H / ' s,p,a; (M ?1 ) such that 

II f f.\\P < o-*( p+i) 

iij J*iin /s ’P’“(R ri ) — 

Denote = {x G R" : M(f — ff){x ) > 2”*}. Lemma 16.41 implies that 

C s , p ,Mi) < C2 ip \\f - fi\\ p W s, P , u(Rn) < C2 -*, 


(6.38) 
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where C = C(n,p , [u]a p )- Now (say) for every igR" and 0 < r < 1 , 

I fi(x) - f B(x,r) | < -f | fi(x) - fi(y) | dy+ -f \f(y ) - fi(y) \ dy , 

J B(x,r) J B(x,r) 

which (by the continuity of /j) implies that 

limsup|/i(x) - f B (x,r)\ < M(f - fi)(x ) < 2 _l , x G R n \ A . 

r—>-0 

Let us fix k G N and write B k = An application of both subadditivity of the 

Sobolev capacity, given by Lemma 16.51 and inequality (16.38)1 yields 

OO OO 

C s ^{B k ) < Y, Cs, P A A i) < C Y 2 _i • (6-39) 

i=k i=k 

If x G R n \ B k and i,j > k, then 

I fi(x) ~ fj{x )| < limsup| fi (x) - f B ( x ,r) \ + limsup|/j(a;) - f B { x ,r)\ < 2”* + 2~ J . 

r— >0 r— >0 

It follows that (/i)i S N converges uniformly in W l \B k to a continuous function g k on W l \B k . 
Moreover, if x G M n \B k and i > k, we have 

limsup| 0 fc (ic) - f B {x,r)\ < 1 9k(x) - fi{x) I + limsup|/i(a;) - f B ( x ,r)\ 

r— >0 r— >0 

< 1 9k{x) ~ fi(x )| + 2“L 

Hence, by taking i —> cx), we obtain that 


0 fc(&) = lim / /( 2 /) dy = f*(x) 

r ^° J B(x,r) 

for every x G M n \ B k . 

Let us define E = fl ™ =1 B k . Then, by monotonicity of the Sobolev capacity and (16.391) , 

C a , PtU (E) < lim C SjPjU1 (B k ) = 0 

k—yoo 


and the limit 


lim 4 - 

r ^° J B(x,r) 


f(y) dy = f*{x) 


does exist for every x G M n \ E. Finally, we fix £ > 0 and choose k large enough so that 
C s ,p,u{Bk) < £. By arguing as in the proof of Lemma 16. 4 [ we find that B k = U°Z k Ai is a 
union of open sets in R n , hence B k is open. Since f* = g k in R 71 \ B k , we hnd that /*|R^\s fc 
is continuous on R” \ B k . Accordingly, we can choose U = B k . □ 


7. Comparison of neighbourhood capacities 

As another application of our main result, Theorem 14.11 we prove a capacitary comparison 
inequality that is formulated as Theorem 17.31 below; this inequality extends the work [30j 
of Lehrback. To briefly explain our inequality, let us fix a compact K-porous set E (see fj2j) 
that is contained in a bounded open set GcR" We write 

E t ji = {iGG : R(x) < t} , t > 0 , 

where R : G —> R is a continuous function such that R = 0 on E. Hence, the set E t B is an 
open neighborhood of E in G. We focus on small values of t > 0 and the underlying open 
set G serves for the purpose of an ‘ambient space’. In particular, the structure of E t)B near 
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to the boundary dG will be irrelevant to us. Our ‘frame of reference’ in comparison is the 
t- neighbourhood 

E t = E u dist(-,E) = {x G G : dist(x, E) < t} , t > 0 . 

Namely, our capacitary comparison inequality is that 

ca P s,p,u,r( E i E t O E u/KiR i G) <C cap a>PiU> {E, E t , G) 

for all small t > 0 with a constant C = K~ np C(n,p, [w]a p ) > 0; this is inequality (17.4011 . 
Observe that an .R-modified relative capacity is used in the left-hand side above, whereas 
an relative (s,p, (n)-capacity is used in the right-hand side; these are defined as follows. 


Definition 7.1. Let 0 < s < 1 and 1 < p < oo, and let u be a weight in M n . Suppose that 
G cK" is an open set and R : G —>■ R is a measurable function. Let E C M” be a compact 
set that is contained in an open set H C G. Then we write 


cap s, p ,u,r(E, h , g ) 



\<p(z) ~ <p(y)\ p , 

y\ + \R(x) - R(y)\) sp 1 


y) dy dx , 


where the infimum is taken over all real-valued functions p G Cq(G) such that <p(x) > 1 for 
every x G E and <p(x) = 0 for every x G G \ H. If R(x) = 0 for every x G G, then we 
abbreviate cap S)P W ,r{E, H, G) = cap S}P}(J (E, H , G). 


Let us still clarify the previous definition; 


Remark 7.2. Observe that cap spuR (E,H,G) need not coincide with cap spw 
cf. [39j p. 598] and [9]. This non-locality contributes to our heavy notation, involving several 
parameters. However, the number of parameters reduces when we look at special cases: In 
the light of Example \3.2\ the ‘relative (s,p)-capacity’ 


cap SjP (E, H , G) = cap fl+e/PiPiM e - n (E, H, G) 



\<p(x) -t(v)\ p 

\x - y | n + s P 


dy dx 


is obtained as a special case of our general framework. This relative (s,p) -capacity, in turn, 
generalizes the following ‘fractional (s,p)- capacity’ 


cap sp (E, G) = cap sp (E, G, G ), E c G compact. 

These fractional (s,p) -capacities have recently found applications, e.g., in connection with 
the fractional Hardy inequalities, we refer to [3 ET]. 


The following is our capacity comparison result. 


Theorem 7.3. Fix 0 < s < 1, l<p<oo, and an A p weight uj in W 1 . Suppose that E ^ 0 
is a compact n-porous set, contained in a bounded open set G C and that R : G —>■ M is 
a continuous function satisfying both R(x) = 0 for every x G E and 0 < R(x) < dist(x, dG) 
for every x G G. Then, if 0 < t < Acdiam(i?)/4 is such that E t C G, we have 

cap s ,p,u,r(E, E t O E it/K)R , G) < C cap SiPiW (E, E t , G ), (7.40) 

where C = K~ np C(n,p, [oj\a p )- 


Before proving this result, let us illustrate the special case of relative (s,p)-capacity while 
working in the setting of Theorem 17.31 together with a fixed 0 < a < 1. Since E t i/ a C E t for 
all small t > 0, we have 


cap S ' P (E, E t , G) < cap S)P (E, E t 1/a , G) . (7.41) 

Because the set E t \/ a can be much smaller than E t , it is reasonable to expect—unless both 
of the above capacities vanish—that the converse of inequality (I7.4ip with a t-independent 
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constant cannot hold for all small t > 0. For a more precise statement, we need the following 
non-trivial example. 

Example 7.4. Let E C G be a compact Ahlfors X-regular set [30] with 0 < A < n; then E is 
n-porous for some 0 < k < 1. Assume that 0 < s < 1 and 1 < p < oo satisfy n — sp < A < n. 
Then there exists t 0 > 0 such that, whenever 0 < t < to, we have 

cap StP (E,E t ,G)~t n ~ x - s i> (7.42) 

and the constants of comparison are independent oft. Indeed, this comparison estimate can 
be obtained by adapting the arguments that are given in [30j; we omit the details here. 

Let us continue our discussion (before the example) and suppose that as < a < 1. If we 
take n — asp < A < n to be sufficiently large, then Example 17.41 shows that inequality 

ca P a ,p(E, E ct i/«, G) < C cap S)V {E, E t , G) , t > 0 small , (7.43) 

fails for some compact K-porous set E C G if c and C are not allowed to depend on the 
parameter t > 0 (but are allowed to depend on E and the other parameters). 

On the other hand, if we assume that a < as, then inequality (I7.43jl holds for any fixed 
compact Ahlfors A-regular set E C G given that n — ap < A < n: see Example 17.41 If a < as 
(we now exclude the ‘critical’ case a = as), then the last conclusion can be independently 
obtained with our results: by straightforward estimates and Theorem 17.31 we find that, for 
small t > 0, 

ca P a, P ( E i E ct y a ,G) < cap s+e/pj?wi j(£, E t D E it/KjR , G ) 

< cap s+e/p^iE, Et, G ) = cap SJ) (E, E t , G ). 

Here c = (4 / k) 1 ^, lo = |-| £-Tl (for a sufficiently small £ > 0) is an A p weight, and 
R(x) = min{dist(x, E) a , dist(x, dG )} , x G G , 

defines an a-Holder function on the bounded open set G. We also have R(x) = dist(x, E) a 
if x is sufficiently close to a fixed K-porous compact set E C G. In particular, this set is 
allowed to be a compact Ahlfors A-regular set with 0 < A < n. 

We turn our focus to the proof of Theorem 17.31 To this end, we first consider the following 
modification of [0 Lemma 2.3]. 

Lemma 7.5. Suppose that R : G —>■ M is a continuous function on an open set 0 ^ G C M n 
such that 0 < R(x) < dist(x, dG) for every x 6 G. Assume that f : G —» M has a continuous 
extension to M n . Then M R (f) = Mnifxc) is a continuous function on G. 

Proof. We first observe that the function defined by F(x,0) = |/(x)| and 

F(x,r) = -j \f(y)\dy 

J B(x,r ) 

for r > 0 is continuous on R n x [0, oo) (in this definition the function |/| is continuously 
extended to the whole M n , which is possible due to assumptions). 

Let us fix x G G and £ > 0. By the uniform continuity of F on B(x, 1) x [0, R(x) + 1], 
there exists 0 < rj < 1 such that | F(y, s ) — F(x, t) \ < £ whenever \y — x\ + |s — t\ < rj and 
0 < s, t < R(x) +1. Moreover, by continuity of R at x, there exists 0 < 5 < rj /2 Adist(x, dG) 
such that 

\R(x) - R(y)\ < q - 

whenever \x — y\ < 5. To prove the continuity of M R (f) at the point x, let us consider a 
point y G G such that \x — y\ < S. Now, for some 0 < r(y) < R(y), we have 

M R {f){y ) = F(y,r(y )) < F(x, r(y) A R(x)) + £ < M R {f){x) + £, 
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because \y — x\ + \r(y) — r(y) A R(x)\ < r) and 0 < r(y) < R(y) < R(x) + 1. On the other 
hand, for some 0 < r{x) < R(x), 

M R (f)(x) = F(x,r(x)) < F(y,r(x) A R(y)) +e < M R (f)(y) + e. 

This proves continuity of M R (f). □ 


Proof of Theorem \7.3[ Fix t > 0 as in the statement of the theorem. Let p G Co(G) be such 
that p > 1 on E and p — 0 on G \ E t . We define 


/ = 1 - min{l, p} e C(G ). 


Then f(x) = 0 for every x G E and f(x) = 1 if x E G \ E t = {x E G : dist (x,E) > t}. 
Let us consicier a point igG which satisfies R(x) > At/n. By using the A-porosity of E, 
it is rather straightforward to find y G B(x,At/n) such that B(y,t ) C B{x,At/n) C G and 
dist(B(y,t), E) >t. Hence, 


M R (f)(x) > 


\f(z)\dz > . 

B(xAt/K) \B( x At/ K )\ 


\f(z)\ dz > 




\ B (y,t)\ 

\B(x, At/ a) | 


= 4T 


K 


It follows that A n K n M R (f) > 1 on the set G \ E^/^r. We also have M R (f) > \ f\ — 1 on 
the set G \ E t . Moreover, if x G E, then R(x) = 0 and hence 


M R (f)(x) = \f(x)\ = 0. 


Since / : G —> R can be continuously extended to the whole M n by setting f(x) = 1 for 
every x G R n \ G, by Lemma [7.51 we find that M R (f) is continuous on G. 

By using the previous facts, we find that the function g — 1 — min{l, A n+1 K~ n M R (f)} 
is an admissible test function for the capacity in the left-hand side of inequality (17.4011 : in 
particular, the support condition follows from the chain of inclusions 

supp(< 7 ) c {x G G : A n+l K~ n M R {f)( X ) < 1} C E t n E u/k . r C W t C G . 


Hence, we obtain that 

ca P s, p ,u>,r{ E i E t n E 4t/KtR , G) < 

< (A n+1 K~ n ) P 



\g( x ) - g(y)\ p 



gJg ( \ x ~y\ + \R(x) - R(y)\) sp 


co(x — y) dydx 


IgJg (\x-y | + | R(x) - R(y)\)op 

Observe that / G L°°(G ) C L P (G) since G is assumed to be bounded. By Theorem 14.11 we 
then obtain that 

™V s , P ,uA E i E t n E 4t/K,R, G ) < n~ np C(n,p, [(u]a p ) 



I f{x) - f(y)\ p 


G JG 


\ x - y I 


sp 


<n np C(n,p : [uj] A ) 



\y(x) - <p(y)\ p 


G JG 


\x-y\ 


sp 


u j(x — y) dydx 
uj(x — y) dydx . 


The required inequality (I7.40|l follows by taking inhmum over all of the functions p that are 
considered above. □ 
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